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a b s t r a c t
Let G be a graph. The core of G, denoted by G∆, is the subgraph of G induced by the vertices
of degree∆(G), where∆(G) is the maximum degree of G. A k-edge coloring of a graph G is
a function f : E(G) −→ L, where | L |= k and f (e1) ≠ f (e2), for every two adjacent edges
e1, e2 of G. The edge chromatic number of G, denoted by χ ′(G), is the minimum number k
for which G has a k-edge coloring. A graph G is said to be Class 1 if χ ′(G) = ∆(G) and Class
2 if χ ′(G) = ∆(G) + 1. In this paper, it is shown that, for every connected graph of even
order, if G∆ = C6, then G is Class 1. Also, we prove that, if G is a connected graph, and every
connected component of G∆ is a unicyclic graph or a tree, and G∆ is not a disjoint union of
cycles, then G is Class 1.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
All graphs considered in this paper are finite and undirected, with no loops or multiple edges. If G is a graph, then V (G)
and E(G) denote the vertex set and the edge set of G, respectively. The number of vertices of G is called the order of G.
Also,∆(G) and δ(G) denote the maximum and the minimum degree of G, respectively. The core of G, denoted by G∆, is the
subgraph of G induced by all vertices of degree ∆(G). For every v ∈ V (G), dG(v) and NG(v) denote the degree of v and the
set of vertices adjacent to v in G, respectively. We denote the cycle of order n and the complete graph of order n by Cn and
Kn, respectively. A star graph is a graph containing a vertex adjacent to all other vertices, and with no extra edges. A cut edge
(a cut vertex) ofG is an edge (a vertex)whose deletion increases the number of connected components ofG. An edge cut is a set
of edges whose removal produces a subgraph with more connected components than the original graph. Moreover, a graph
is a k-edge-connected (k-connected) graph if there does not exist a set of k − 1 edges (vertices) whose removal disconnects
the graph.
A matching in a graph G is a set of pairwise non-adjacent edges, and a perfect matching is a matchingM such that every
vertex of G is incident to one edge ofM . A graph G is called a unicyclic graph if it is connected and contains exactly one cycle.
The join of two graphs G and H , denoted by G∨H , is obtained from the vertex-disjoint copies of G and H by adding all edges
between V (G) and V (H). A Hamiltonian cycle is a cycle in a graph which visits each vertex exactly once and also returns to
the starting vertex. A Hamiltonian path is a path in a graph which visits each vertex exactly once. A Hamiltonian graph is a
graph possessing a Hamiltonian cycle. The connected graph that has no cut vertices is called a block. A block of a graph is
a subgraph that is a block and is maximal with respect to this property. It is well known that every graph can be uniquely
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decomposed into the union of blocks, and we call it the block decomposition of G. A leaf block of G is a block of G containing
at most one cut vertex of G. Clearly, every two disjoint blocks have at most one vertex in common; see [3, p. 44].
A k-edge coloring of a graph G is a function f : E(G) −→ L, where |L| = k and f (e1) ≠ f (e2), for every two adjacent edges
e1, e2 of G. A graph G is k-edge colorable if G has a k-edge coloring. The edge chromatic number of G, denoted by χ ′(G), is the
minimum number k for which G has a k-edge coloring. For a general introduction to edge coloring, the interested reader is
referred to [11].
A celebrated theorem due to Vizing [23] states the following.
Theorem 1. For every graph G,∆(G) ≤ χ ′(G) ≤ ∆(G)+ 1.
A graph G is said to be Class 1 if χ ′(G) = ∆(G) and Class 2 if χ ′(G) = ∆(G)+ 1. Moreover, a graph G is said to be critical
if it is Class 2, connected, and G \ e is Class 1, for every edge e ∈ E(G). Also, G is said to be overfull if |E(G)| > ⌊ |V (G)|2 ⌋∆(G).
It is easy to see that, if G is overfull, then G is Class 2. For more information about overfull graphs, see [14]. In [22], it was
proved that there does not exist a critical graph of even order such that |V (G∆)| ≤ 5.
Classifying a graph as Class 1 or Class 2 is a difficult (indeed, NP-complete) problem in general, evenwhen restricted to the
class of graphswithmaximumdegree 3 (see [19]). As a consequence, this problem is usually considered on particular classes
of graphs. One possibility is to consider a graph whose core has a simple structure (see [6,7,10,12,15–18,24]). Vizing [24]
proved that, if G∆ has at most two vertices, then G is Class 1. Fournier [12] generalized Vizing’s result by proving that, if
G∆ contains no cycle, then G is Class 1. Thus, a necessary condition for a graph to be Class 2 is to have a core that contains
cycles. Hilton and Zhao [16,17] considered the problem of classifying graphs whose cores are a disjoint union of cycles. Only
a few such graphs are known to be Class 2. These include the overfull graphs and the graph P∗, which is obtained from the
Petersen graph by removing one vertex. In [5], the following theorem was proved.
Theorem 2. Let G be a connected graph such that ∆(G∆) ≤ 2,∆(G) = 3, and G ≠ P∗. Then G is Class 1.
In [8], the following results are proved. (1) Let G be a connected graph with three vertices of maximum degree. Then G
is Class 2 if and only if, for some n, G is obtained from K2n+1 by removing n − 1 independent edges. (2) Let G be a 2-edge-
connected graph of even order having four vertices of maximum degree. Then G is Class 1. (3) Let G be a 2-edge-connected
graph of order 2n+ 1 having four vertices of maximum degree. Then G belongs to Class 2 if and only if |E(G)| ≥ n∆(G)+ 1.
The following useful result, which follows by Vizing’s adjacency lemma [9], is given in Schrijver’s homepage [21, p. 1765].
Theorem 3. Let v be a vertex such that v and all its neighbors have degree at most k, while at most one neighbor has degree
precisely k. Then, if G \ {v} is k-edge colorable, G is also k-edge colorable.
The previous theorem implies the following well-known result, which is due to Fournier.
Theorem 4 ([12]). Let G be a graph. If G∆ is a forest, then G is Class 1.
The following theorem has a key role in our proofs.
Theorem 5 ([17]). Let G be a connected Class 2 graph with∆(G∆) ≤ 2. Then
1. G is critical;
2. δ(G∆) = 2;
3. δ(G) = ∆(G)− 1, unless G is an odd cycle.
Theorem 6 ([17]). Let G be a critical graph. Then every vertex of G is adjacent to at least two vertices of G∆.
It is proved that, if G has even order and G∆ = C5, then G is Class 1. In this paper, it is shown that, for every connected
graph of even order, if G∆ = C6, then G is Class 1. Also, we prove that, if G is a connected graph, and every connected
component of G∆ is a unicyclic graph or a tree, and G∆ is not a disjoint union of cycles, then G is Class 1.
2. Graphs whose core has maximum degree at most 2
Let G be a graph, and let ∆(G∆) ≤ 2. In this section, we provide some sufficient conditions for G to be Class 1. We start
with the following simple theorem.
Theorem 7. Let G be a connected graph. If G has even order, G∆ has odd order, and∆(G∆) ≤ 2, then G is Class 1.
Proof. To the contrary, assume that G is Class 2. By Theorem 5, δ(G) = ∆(G) − 1. Since |V (G∆)| is odd, ∆(G) is even, and
δ(G) is odd. Since |V (G) \ V (G∆)| is odd, the number of vertices of odd degree in G is odd, a contradiction. Thus G is Class 1,
and the proof is complete. 
Corollary 1. Let G be a connected graph of even order. If G∆ is a cycle of odd order, then G is Class 1.
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The following remark shows that there are some graphs of odd order whose cores are a disjoint union of cycles, but they
are Class 2.
Remark. For natural numbers i1, . . . , it , define G = (Ci1 ∪ · · · ∪ Cit ) ∨ Ki1+···+it−1. Clearly, G is a connected graph with
maximum degree i1 + · · · + it + 1, and G∆ = Ci1 ∪ · · · ∪ Cit . It is not hard to see that |E(G)| = (i1 + · · · + it)2 and
⌊ |V (G)|2 ⌋∆(G) = (i1+· · ·+ it)2−1. Since |E(G)| > ⌊ |V (G)|2 ⌋∆(G), G is an overfull graph, which lets us conclude that G is Class
2.
In [16] Hilton and Zhao posed the following conjecture.
Conjecture 1. Let G be a connected graph such that ∆(G∆) ≤ 2 and G ≠ P∗. Then G is Class 2 if and only if G is overfull.
Theorem 8. Let G be a connected graph of even order whose core is a disjoint union of cycles. If Conjecture 1 is true, then G is
Class 1.
Proof. To the contrary, assume that G is Class 2. Suppose that n and t are the order of G and G∆, respectively. By Theorem 5,
δ(G) = ∆(G)− 1. Since Conjecture 1 is true, we conclude that G is overfull. So, |E(G)| = t∆(G)+(n−t)(∆(G)−1)2 = n∆(G)−n+t2 >n
2∆(G), which yields that n < t , a contradiction. Thus G is Class 1. 
Theorem 9. Let G be a connected graph, and let ∆(G∆) ≤ 2. Suppose that G has an edge cut of size at most ∆(G)− 2 which is
a matching or a star. Then G is Class 1.
Proof. Let F = {u1v1, . . . , ukvk}, k ≤ ∆(G)− 2, be an edge cut and V (G) = X ∪ Y , X ∩ Y = ∅, and let every edge of F have
one end point in X and the other end point in Y . Let G1 and G2 be the induced subgraphs on X and Y , respectively. With no
loss of generality, assume that ui ∈ V (G1) and vi ∈ V (G2), for every i, 1 ≤ i ≤ k. Two cases may be considered.
Case 1. F is a matching. Consider G \ F . Add two new vertices x1 and x2 to G \ F , and join x1 to ui and join x2 to vi, for
every i, 1 ≤ i ≤ k. Call the induced subgraph on the vertices V (G1) ∪ {x1},H1 and the induced subgraph on the vertices
V (G2) ∪ {x2},H2. Note that H1 and H2 are connected, and that max(∆(H1),∆(H2)) = ∆(G). We claim that there exists a
∆(G)-edge coloring for H1 and also for H2. If∆(H1) < ∆(G), then, by Theorem 1, there exists a∆(G)-edge coloring of H1. If
∆(H1) = ∆(G) and H1 has no∆(G)-edge coloring, then, by Part 3 of Theorem 5, δ(H1) = ∆(G)−1; but dH1(x1) ≤ ∆(G)−2,
a contradiction. So, there exists a ∆(G)-edge coloring φ of H1, and similarly there is a ∆(G)-edge coloring θ of H2. By a
suitable permutation of colors, one may assume that φ(x1ui) = θ(x2vi), for every i, 1 ≤ i ≤ k. Now, define an edge
coloring c : E(G) −→ {1, . . . ,∆(G)} as follows. Let c(e) = φ(e) and c(e′) = θ(e′), for every e ∈ E(G1), e′ ∈ E(G2) and
c(uivi) = φ(x1ui), for every i, 1 ≤ i ≤ k. Thus G is Class 1.
Case 2. F is a star graph of order k+ 1 and u1 = · · · = uk = u. Clearly, k ≥ 2. Let H be the induced subgraph on V (G2)∪ {u}.
Note that G1 and H are connected, and that max(∆(G1),∆(H)) ≤ ∆(G) and max(dG1(u), dH(u)) ≤ ∆(G) − 2. We claim
that there exists a∆(G)-edge coloring for H and also for G1. If∆(H) < ∆(G), then, by Theorem 1, there exists a∆(G)-edge
coloring of H . If ∆(H) = ∆(G) and H has no ∆(G)-edge coloring, then, by Part 3 of Theorem 5, δ(H) = ∆(G) − 1; but
dH(u) ≤ ∆(G)− 2, a contradiction. So, there exists a∆(G)-edge coloring θ of H , and similarly there is a∆(G)-edge coloring
φ of G1. By a suitable permutation of colors, one may assume that θ(uv1), . . . , θ(uvk) belong to those colors which have not
appeared in u in the edge coloring φ. Now, define an edge coloring c : E(G) −→ {1, . . . ,∆(G)} as follows. Let c(e) = φ(e),
c(e′) = θ(e′), for every e ∈ E(G1) and e′ ∈ E(G2) and c(uvi) = θ(uvi), for every i, 1 ≤ i ≤ k. Thus, G is Class 1, and the proof
is complete. 
Before stating Theorem 13, we need the following results.
Theorem 10 ([13]). Let G be a 2-connected k-regular graph of order at most 3k+3. Then G is Hamiltonian, or the Petersen graph,
or the Petersen graph with one vertex replaced by a triangle.
Theorem 11 ([20]). Let G be a 2-connected graph of order n with maximum degree k, where n ≤ 3k− 2. Then there is a cycle in
G that contains all vertices of degree k.
Beineke and Fiorini [1] proved that there are no critical graphs of even order at most 10. The nonexistence of critical
graphs of order 12 and 14 were established in [2,4], where their proofs are computer-assisted. Thus, we state the following
theorem, which is helpful in proving the next theorem.
Theorem 12 ([1,2,4]). There are no critical graphs with even order at most 14.
Now, we are in a position to prove that, if G is a graph of even order whose core is C6, then G is Class 1.
Theorem 13. Let G be a connected graph of even order, and let G∆ = C6. Then G is Class 1.
Proof. Let n = |V (G)|. The proof is by induction on the maximum degree of G. If∆(G) = 2, then G = C6, and G is Class 1. If
∆(G) = 3, since G has even order, then, by Theorem 2, G is Class 1. Thus, suppose that G is a graph with maximum degree
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Fig. 1. H1 , H2 and H3 are three leaf blocks.
Fig. 2. H1 and H2 are leaf blocks.
a b
Fig. 3. The graph H with exactly two good blocks, H1 and H2 .
∆(G) ≥ 4. Toward a contradiction, assume that G is Class 2. By Theorems 5 and 6, δ(G) = ∆(G) − 1 and |NG∆(v)| ≥ 2, for
every v ∈ V (G)\V (G∆), andG is critical. By the pigeonhole principle,∆(G) ≥ 2(n−6)6 +2 = n3 , and so δ(G) ≥ n3−1.Moreover,
since G is critical, by Theorem 12, we can assume that n ≥ 15. If∆(G) = 4, then n ≤ 3∆(G) = 12, a contradiction. Thus, we
can suppose that∆(G) ≥ 5. Assume that F is a perfect matching of G∆ = C6. Let H = G \ F . Then H is a (∆(G)− 1)-regular
graph. By Theorem 9, H is a connected graph. Now, we would like to prove the following claim.
Claim 1. H has a perfect matching.
Consider the following two cases.
Case 1. Suppose that H is 2-connected. Since δ(H) ≥ n3 − 1, n ≤ 3δ(H) + 3. By Theorem 10, and noting that n ≥ 15, H is
Hamiltonian, and so H has a perfect matching, and in this case we are done.
Case 2. Suppose that H is not 2-connected. Consider the block decomposition of H . We call a block B of H good, if there exists
v ∈ V (B) such that H \ {v} is connected. Clearly, NH(v) ⊆ V (B), and so |V (B)| ≥ ∆(G). Also, one can easily see that every
leaf block is good. Now, we consider the following three cases.
Case 2.1. H has at least four good blocks. In this case, n = |V (G)| ≥ 4(∆(G) − 1) + 1 ≥ 4( n3 − 1) + 1, which contradicts
n ≥ 15.
Case 2.2. H has three good blocks. Let H1, H2, and H3 be three good blocks of H . Now, we prove that H has a leaf block of size
∆(G). Note that, since H is not 2-connected, there are at least two leaf blocks in the block decomposition of H . With no loss
of generality, let H1 and H2 be these two leaf blocks. If |V (Hi)| = ∆(G), for some i = 1, 2, then we are done. Thus, suppose
that |V (Hi)| ≥ ∆(G)+ 1, for i = 1, 2. Two cases can be considered.
Case 2.2.1. V (H1)∩V (H2) ≠ ∅. Thus |V (H1)|+|V (H2)| ≥ 2∆(G)+1, and since n ≤ 3∆(G), |V (H)\2i=1 V (Hi)| ≤ ∆(G)−1.
Now, since every good block has at least∆(G) vertices, we have |V (H3) ∩ (2i=1 V (Hi))| = 1.
Thus H has the form shown in Fig. 1, where H3 is a leaf block and |V (H3)| = ∆(G).
Case 2.2.2. V (H1)∩V (H2) = ∅. Then |V (H1)|+|V (H2)| ≥ 2∆(G)+2, and since n ≤ 3∆(G), |V (H)\2i=1 V (Hi)| ≤ ∆(G)−2.
Now, since every good block has at least ∆(G) vertices, we have |V (H3) ∩ (2i=1 V (Hi))| = 2 and |V (H3)| = ∆(G). Thus H
has the form shown in Fig. 2.
Since, for every x ∈ V (H3) \ {u, v}, dH3(x) = ∆(G) − 1, xu, xv ∈ E(H), and so dH3(u) = dH3(v) = ∆(G) − 2. Thus
H1 = H2 = K2, a contradiction.
Therefore, H has a good leaf block H3 of size∆(G).
Now, since dH(z) = ∆(G)− 1, for every z ∈ V (H3), H3 is a complete graph of order∆(G). Therefore, H = H3, and so H is
2-connected, a contradiction.
Case 2.3. H has at most two good blocks. Note that, since every leaf block is a good block, and H is not 2-connected, H has
exactly two good blocks. Let L be a block of H . It is not hard to see that, if L is not a good block and has r vertices, then H has
at least r leaf blocks, each of which is a good block. Thus, every non-good block of H is K2. Since ∆(G) ≥ 5, H is one of the
graphs shown in Fig. 3.
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Fig. 4. The graph with minimum number of edges satisfying the assumption of Theorem 14.
Fig. 5. The graph Gwith the cut vertex v.
Let H be the graph shown in Fig. 3(a). We show that |V (Hi)| ≥ ∆(G) + 1, for i = 1, 2. To see this by the contrary
assumption, let |V (H1)| ≤ ∆(G). Since, for every w ∈ V (H1), w ≠ u, dH1(w) = ∆(G) − 1, we conclude that dH1(u) =
∆(G)− 1, and so dH(u) = ∆(G), a contradiction. Hence, |V (Hi)| ≥ ∆(G)+ 1 ≥ n3 + 1, for i = 1, 2. Thus, |V (Hi)| ≤ 2n3 − 1,
for i = 1, 2. Now, since n ≥ 15, we have 2n3 − 1 ≤ 3( n3 − 1) − 2. If we apply Theorem 11 for H1, then there is a cycle C
in H1 containing all vertices of H1, except probably u. Now, if u ∈ V (C), then H1 has a Hamiltonian cycle. If u ∉ V (C), then,
since u is adjacent to at least one of the vertices of C , H1 has a Hamiltonian path with starting vertex u. Similarly, H2 has a
Hamiltonian path with starting vertex v. These imply that H has a Hamiltonian path, and, since H has even order, H has a
perfect matching, and Claim 1 is proved.
Now, let H be the graph shown in Fig. 3(b). By the same argument as in the previous paragraph, we conclude that
n
3 + 1 ≤ |V (Hi)| ≤ 2n3 , for i = 1, 2. Now, since n ≥ 15, 2n3 ≤ 3( n3 − 1) − 2. By applying Theorem 11 for Hi, we conclude
that there is a cycle Ci in Hi containing all vertices of Hi, except probably v, for i = 1, 2. It is not hard to see that, since v is
adjacent to at least one of the vertices of Ci, for i = 1, 2, H has a Hamiltonian path, and so H has a perfect matching, and the
proof of Claim 1 is complete.
Now, call the perfect matching of H,M .
Let T = G \M . If T∆ is a forest, then, by Theorem 4, T has a (∆(G)− 1)-edge coloring. Now, by assigning a new color to
every edge of M , we obtain a ∆(G)-edge coloring of G. Now, assume that T∆ = C6. By Theorem 6, |NT∆(w)| ≥ 1, for every
w ∈ V (T ), and so T is connected. Now, by the induction hypothesis, T is Class 1, and so G is Class 1 too, a contradiction. The
proof is complete. 
3. Graphs with unicyclic core
In this section, we obtain a result which is an improvement of Fournier’s theorem.
Theorem 14. Let G be a connected graph. If every connected component of G∆ is a unicyclic graph or a tree, and G∆ is not a
disjoint union of cycles, then G is Class 1.
Proof. First, suppose that∆(G∆) ≤ 2. Towards a contradiction, assume that G is Class 2. By Part 2 of Theorem 5, δ(G∆) = 2.
By assumption, since G∆ is not a disjoint union of cycles, G∆ has a vertex of degree at most 1, a contradiction. So, one may
suppose that ∆(G∆) ≥ 3. Now, the proof is by induction on m = |E(G)|. Since ∆(G∆) ≥ 3, there exists a vertex v such
that dG∆(v) ≥ 3, and there are at least three vertices of G with degree ∆(G)(≥ 3) adjacent to v. Thus, every graph G with
minimum number of edges satisfying∆(G∆) ≥ 3 and the assumption of the theorem is one of the graphs shown in Fig. 4.
It is not hard to see that all these graphs are Class 1. Now, assume that the assertion is true for all graphs with fewer than
m edges, and let G be a graph withm edges. By assumption, there exists a vertex v ∈ V (G∆) such that dG∆(v) ≤ 1.
Case 1. v is a cut vertex of G and G1, . . . ,Gt are all connected components of G \ {v} (see Fig. 5).
Note that, since∆(G∆) ≥ 3, with no loss of generality, one may assume that |E(G1)| ≥ 1. Now, we consider two cases.
Case 1.1. |E(G2)| ≥ 1. Remove from G, V (G1) \ (NG(v) ∩ V (G1)), as well as all edges with two end points in NG(v) ∩ V (G1),
and call the resultant graph G′. Note that G′ is connected and has fewer thanm edges, and that G′∆ is not a disjoint union of
cycles. So, by the induction hypothesis, G′ is Class 1. Let c ′ : E(G′) −→ {1, . . . ,∆(G)} be an edge coloring of G′. Also, let G′′
be the subgraph of Gwith the following vertex set and edge set:
V (G′′) = V (G1) ∪ NG(v) ∪ {v}, E(G′′) = E(G1) ∪ {vw | w ∈ N(v)}.
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Fig. 6. The Core of Gwhen |E(G1)| ≥ 1 and |E(Gi)| = 0, for i = 2, . . . , t .
Since |E(G2)| ≥ 1, |E(G′′)| < |E(G)|, and G′′∆ is not a disjoint union of cycles, by the induction hypothesis, there exists an
edge coloring c ′′ : E(G′′) −→ {1, . . . ,∆(G)}. By a suitable permutation of colors, we can assume that c ′(vw) = c ′′(vw), for
everyw ∈ N(v). Therefore, in this case, G is Class 1.
Case 1.2. |E(G1)| ≥ 1 and |E(Gi)| = 0, for i = 2, . . . , t . Note that, for everyw ∈ V (G) \ (V (G1)∪ {v}), dG(w) = 1. Moreover,
for every x ∈ V (G∆), x ∈ V (G1) ∪ {v}. If the core of G1 is a disjoint union of cycles, since ∆(G∆) ≥ 3, the core of G is the
graph K , shown in Fig. 6 (every circle represents a cycle).
We claim that G1 is Class 1. To see this, add a new vertex z to G1 and join z to u, and call the resultant graph G′1. By the
induction hypothesis, G′1 is Class 1, and clearly G1 is Class 1. Now, by Theorem 3, G is Class 1. So, one may assume that the
core of G1 is not a disjoint union of cycles. By the induction hypothesis, χ ′(G1) = ∆(G). Now, by Theorem 3, G is Class 1, and
we are done.
Case 2. v is not a cut vertex of G. If the core of G \ {v} is not a disjoint union of cycles, then, by the induction hypothesis,
χ ′(G \ {v}) = ∆(G). Since dG∆(v) ≤ 1, G is Class 1, by Theorem 3. Otherwise, G is a graph such that G∆ ≃ K , where K is the
graph shown in Fig. 6. Now, add a new vertex z to G \ {v} and join z to u, and call the resultant graph H . By the induction
hypothesis, H is Class 1, and clearly G \ {v} is Class 1. Now, by Theorem 3, G is Class 1, and the proof is complete. 
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